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Let (M m ,g) be a m-dimensional complete Riemannian manifold which satisfies the Sobolev 
inequality of dimension n, and on which the volume growth is comparable to the one of K n for 
big balls; if there is no non-zero L 2 harmonic 1-form, and the Ricci tensor is in L^~ e D L°° for 
an e > 0, then we prove a Gaussian estimate on the heat kernel of the Hodge Laplacian acting on 
1-forms. This allows us to prove that, under the same hypotheses, the Riesz transform dA -1 / 2 is 
bounded on L p for all 1 < p < oo. Then, in presence of non-zero L 2 harmonic 1-forms, we prove 
that the Riesz transform is still bounded on L p for all 1 < p < n, when n > 3. 

1 Introduction and statements of the results 
1.1 Riesz transform and heat kernel on differential forms 

Since Strichartz raised in 1983 the question whether the Riesz transform ciA -1 / 2 is bounded on L p 
on a complete non-compact manifold M (see [34]), this problem has attracted a lot of attention. The 
litterature is too large to be cited extensively, but we refer the reader to the articles [T2] , [TT] and [5] for 
an overview of results in the field, as well as references. There have been several attempts to extend the 
classical Calderon-Zygmund theory to the case of manifolds: the Calderon-Zygmund decomposition 
argument which, in the case of K™, yields the L 1 — > L x w boundedness of the Riesz transform {L x w being 
the weak L 1 space), has been adapted by Coulhon and Duong [TT] . Let us begin with some definitions. 

Definition 1.1 A Riemannian manifold M has the volume doubling property if there exists a 
constant C such that 



where V(x,R) denotes the volume of the ball B{x,R). 

Definition 1.2 Let us denote pt{x,y) the heat kernel of a complete Riemannian manifold M (which 
is the kernel of e~ tA ). We say that the heat kernel has a Gaussian upper- estimate if there are 
some sonstants c and C such that 
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V(x,2R) < CV(x,R), Vx £ M, VR > 0, 



(D) 




, V(x,y) e M x M, Vt > 0, 



(G) 



where d(x,y) denotes the distance between x and y. 
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With these definitions, the result of Coulhon and Duong states that if a complete Riemannian manifold 
has the volume doubling property (iDj) and its heat kernel has satisfies a Gaussian upper-estimate ([G)l . 
then the Riesz transform on M is bounded on L p for every 1 < p < 2. 

However, the duality argument which, in the case of R™, yields in turn that the Riesz transform is 
bounded on L p for 2 < p < oo, does not apply in general for Riemannian manifolds. It has been 
observed that to get boundedness for the range 2 < p < oo, it is enough to have a Gaussian estimate 
for the heat kernel of the Hodge Laplacian acting on differential 1-forms: 

Definition 1.3 Let us denote A the Hodge Laplacian acting on differential 1-forms, and p t (x,y) the 
kernel of the corresponding heat operator e~ tA . If x and y are fixed, then pt(x,y) is a linear morphism 
going from (A 1 ! 1 *./!/)^ to (A 1 ! 1 *!:/)^. We say that a Gaussian estimate holds for pt(x,y) if there 
are some constants C , c such that 

\\pt(x,y)\\ < v{x C fl/2) exp (-c^^j , V (x,y) E M x M, Vi > 0, (GF) 
where \\.\\ is the operator norm. 

Then it is a consequence of the work of various authors [12] , [2], [31] that if M satisfies the volume 
doubling property (|D]) together with the Gaussian estimate for the heat kernel of the Hodge Laplacian 
on 1-forms (IGFI) . then the Riesz transform on M is bounded on LP for all 2 < p < oo. However, the 
only manifolds for which we know that (IGF[) holds are those with non-negative Ricci curvature (see [3] 
for example) . Even outside the context of the Riesz transform problem, it is an interesting question to 
understand under which conditions (|GFj) holds on a complete non-compact manifold, since for example 
it implies the following pointwise gradient bound for the heat kernel on functions (see |12j): 

\Vpt(x,y)\ < exp (-S^-^ , V(x,») G M x M, Vt > 0, 

which is one of the fundamental bounds (proved by Li-Yau in [22]) for manifolds with non- negative 
Ricci curvature. In a recent paper, Coulhon and Zhang [15] have tried to extend (|GFj) to a more 
general class of manifolds than those with non-negative Ricci curvature. To explain their result, we 
need some notations. 

We denote by Ric the Ricci symmetric tensor, and we can decompose it as 

Ric — Ric + — Ric-, 

where at a point x of M, (Ric+) x correspond to the positive eigenvalues of Ric x , and (Ric-) x to the 
non-positive eigenvalues. We then write V(x) = \~(x), the lowest negative eigenvalue of Ric x , with 
the convention that V(x) — if Ric x > 0. The Bochner formula writes 

A = A + Ric = A + Ric + - Ric- , 

where A = V*V is the rough Laplacian. Then, if pY(x,y) denotes the kernel of e~ t( - A+v - ) , we have 
(see [21]) 

|bl(x,2/)|| < \ P Y(x,y)\, V(x,y) eMx M, Vt > 0. 

Therefore Coulhon and Zhang, in order to bound ||pj(a;, y)||, study the heat kernel of the Schrodinger 
operator A + V. However, contrary to A, A + V need not be non-negative. In fact, Coulhon and 
Zhang make the stronger assumption of strong positivity of A + V: there is an e > such that 

/ Vp 2 <(!-£)/ |V^| 2 , € C °°(Af). 

J M JM 

This is the translation at the quadratic forms level of the inequality 

A + V > eA. 
The result of Coulhon and Zhang is the following: 
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Theorem 1.1 (Coulhon- Zhang, U5f ) 

Let M be a complete Riemannian manifold satisfying (|Dj) . (|Gj) . the non- collapsing of the volume of 
balls of radius 1: for some constant C > 0, 

V(x, 1) > C, Vx G M, 

whose negative part of the Ricci curvature is in L q n L°° for some 1 < q < oo. We also assume that 
A + V is strongly positive, then there is a constant C such that 

\\p t (x,y)\\ < min ( y(a .*° 1/2) .l) ex P (-c ^*'^ , V(a;,y) eMx M, Vi > 0, 

where a is strictly positive and depends explicitely on q and on e; for example, if q > 2, one can 
take 

a= (q-l + rf)(l-e), 

for all rj > 0. 

Some comments about this result. First, the estimate that they obtain on pl(x,y) differs from the 
Gaussian estimate (jGFp by a polynomial term in time t a , which comes from the estimate 

|| e - t(A + V/) ||oo,oo<C^,W>0, 

where (3 > is related to a. This extra polynomial term does not allow one to prove the boundedness 
of the Riesz transform on any L p space for 2 < p < oo. Secondly, the geometric meaning of the strong 
positivity of A + V is not clear: to some extend, the strong positivity assumption is an hypothesis of 
triviality of the kernel of A + V, yet the kernel of A + V, contray to the one of A, has no clear geometric 
meaning. It would be more natural to work directly with A, which has moreover the advantage of 
being non-negative. 

How to get rid of the polynomial term? In the paper |32j . B. Simon shows the following result for 
Schrodinger operators on K": 

Theorem 1.2 (B. Simon, J3Bj) 

Let V be a potential in L^ ±e for some e > 0. We assume that A + V is strongly positive. Then 



* (A+y) lloo.oo<C,Vt>0. 



The proof consists in showing that there is a positive function i] in L°°, bounded from below by a 
positive constant, such that 

(A + V)n = 0. 

We want to show a similar result for the case of generalised Schrodinger operators, that is operators 
of the form 

L = V*V + K, 

acting on the sections of a Riemannian vector bundle E — > M endowed with a compatible connec- 
tion V, where 72. is a field of symetric endomorphisms. The main issue is that the proof of B. Simon 
cannot be generalized as such, the notion of positivity having no meaning for sections of a vector bundle. 
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1.2 Our results 

We will consider the class of manifolds satisfying a Sobolev inequality of dimension n: 

Definition 1.4 We say that M satisfies a Sobolev inequality of dimension n if there is a constant C 
such that 



|^<Cr||V/|| 2> V/GCg°(M). (S n ) 
Notation: for two positive real function / and g, we write 

if there are some positive constants C\, C2 such that 

Cif <g< C 2 f. 

For the class of manifolds satisfying the Sobolev inequality, we extend the result of B. Simon to 
generalised Schrodinger operators: 

Theorem 1.3 Let M be a complete, non- compact Riemannian manifold, of dimension m. We assume 
that M satisfies the Sobolev inequality of dimension n ( |6>„| ), and that the volume of big balls is euclidean 
of dimension n: 

V(x, R) ~ R n , Vx € M, VR > 1. 

Let E — > M be a Riemannian vector bundle, endowed with a compatible connection V, and let L be a 
generalized Schrodinger operator acting on sections of E: 

L = V*V +K, 

7Z being a field of symmetric endomorphisms . Assume that L is non-negative, that 1Z- lies in L%~ £ f] 
L°° for some e > 0, and that 

Ker L 2(L) = {0}. 

Then the Gaussian estimate holds for e~ tL : if K exp ^_ tL ^{x, y) denotes its kernel, for all S > 0, there 
are two constants C and c such that 

\\K exp{ _ tL) {x,y)\\ < ° exp (-c - ^ y) ) , V(as,y) £ M x M, Vt > 0. 
V(x,Vt) \ t J 

For the case where L is the Hodge Laplacian acting on 1-forms, we get a boundedness result for the 
Riesz transform. Denote by ?£ 1 (M) the space of L? harmonic 1-forms. Then we have: 

Theorem 1.4 Let M be a complete, non- compact Riemannian manifold, of dimension m. We assume 
that M satisfies the Sobolev inequality of dimension n \S n [ ) , and that the volume of big balls is euclidean 
of dimension n: 

V(x, R) ~ R n , Vx e M, VR > 1. 
Assume that the negative part of the Ricci curvature is in L%~ e n L°° for some e > 0, and that 

H l {M) = {0}. 

Then the Gaussian estimate holds for e~ tA : for all S > 0, there are two constants C and c such that 

\\p t (x,y)\\ < y °j- t) exp (-c^f^) . V(x,y) E M x M, Vt > 0. 
Moreover, the Riesz transform on M is bounded on L p for all 1 < p < 00. 
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Remark 1.1 The hypothesis % 1 (M) = {0} is somewhat optimal to get the boundedness of the Riesz 
transform on LP for 1 < p < oo, in the class of manifolds considered: it is known that the Riesz 
transform on the connected sum of two euclidean spaces K™#R" is bounded on LP if and only if 
P G (cfW)- AndR n #R n satisfies all the hypotheses of Theorem (HQ, except thatH 1 (K n #R") ^ 

{0}: indeed, if n > 3, due to the fact that M. n ffiSL n has two non-parabolic ends, we can find a non- 
constant harmonic function h such that V/i is L 2 . Then dh is a non-zero, L 2 harmonic 1-form. 

In the second part of the paper, we adress the following question: what happens for the Riesz transform 
if one removes the hypothesis that T-L l {M) = {0} ? As we see from the example of K™#R™, all that 
we can hope is the boundedness on LP for 1 < p < n. And indeed, we will show: 

Theorem 1.5 Let M be a complete, non-compact Riemannian manifold, of dimension m. For an 
n > 3 ; we assume that M satisfies the Sobolev inequality of dimension n fl£„| ), and that the volume of 
big balls is euclidean of dimension n: 

V(x, R) ~ R n , Vx € M, VR > 1. 

Assume also that the negative part of the Ricci curvature is in L^~ £ n L°° for some e > 0. Then the 
Riesz transform on M is bounded on LP , for all 1 < p < n. 

The strategy of the proof is a perturbation argument. First, we know from our hypotheses and [llj 
that the Riesz transform on M is bounded on LP for all 1 < p < 2. From the proof of Theorem (ll.4[) . 
there is a constant ry such that if 

\\Ric-\\ Ln/ 2 < T), 

then Ker £2 (A) = {0}. Therefore, we take V a smooth, non-negative, compactly supported potential 
such that 

\\(Ric + vu\ Ln/2 < v , 

then we will have (by Theorem (11.31) ) a Gaussian estimate for e~^ A+v \ We will see that this implies 
the boundedness of the Riesz transform with potential d(A + V) -1 / 2 on LP ', for all < p < n. Fur- 
thermore, using a perturbation argument from [S], we will be able to show that dA -1 / 2 — d(A + V)^ 1 ^ 2 

is bounded on LP for all — ^ < p < n. 

n—X " 

We will also study the LP reduced cohomology: we let H^(M) be the first space of LP reduced 
cohomology to be the quotient of {a £ LP : da — 0} by the closure in LP of dC§°(M). For the class 
of manifold that we consider, we have the following result which sums up our results: 

Theorem 1.6 Let M be a complete, non- compact Riemannian manifold, of dimension m. We assume 
that M satisfies the Sobolev inequality of dimension n <\S n I , and that the volume of big balls is euclidean 
of dimension n: 

V(x,R) ~ R n , Vx e M, VR > 1. 

Assume that the negative part of the Ricci curvature is in L^~~ e n L°° for some e > 0. Then we have 
the following alternative: 

1. 'H 1 (M), the space of L 2 harmonic 1-forms, is trivial. Then for all 1 < p < oo, the Riesz 
transform on M is bounded on LP , and Hp(AL), the first space of LP reduced cohomology of M , 
is trivial. 

2. 'H 1 (M) is not trivial. Lf n > 3 ; then for all 1 < p < n, the Riesz transform on M is bounded on 
LP and H^(M) ~ - H 1 (Af). Moreover, if M has more than one end, forp > n the Riesz transform 
on M is not bounded on LP , and H^M) is not isomorphic to T-L 1 {M). 
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2 Preliminaries 



Throughout the text, M will denote a complete non-compact manifold which satisfies the n-Sobolev 
inequality: there is a constant C such that 

||/||^ <C||V/|| 2 , V/eC °°(M). 

We consider an operator L of the form V*V + 1Z+ — 1Z-, acting on a Riemannian fiber bundle E — > M, 
where V is a connection on E — > M compatible with the metric, and for p G M, lZ+(p), 1Z—(jp) are 
non- negative symmetric endomorphism acting on the fiber E p . We will say that L is a generalised 
Schrodinger operator. Let us denote A := V*V, the "rough Laplacian", and C°°(E) (resp. Cq°(E)) 
the set of smooth sections of E (resp., of smooth sections of E which coincide with the zero section 
outside a compact set). 

We define H := A + 1Z+. We will consider the L 2 -norm on sections of E: 

iHii= / n 2 (p)dvoi( P ), 

Jm 

where M(p) is the norm of the evaluation of lu in p. We will denote L 2 (E), or simply L 2 when there 
is no confusion possible for the set of sections of E with finite L 2 norm. 

We have in mind the case of A = d*d + dd* , the Hodge Laplacian acting on 1-forms, for which we have 
the Bochner decomposition: 

A = A + Ric, 

where A = V*V is the rough Laplacian on 1-forms, and Ric £ End(A 1 T* M) is canonically identified 
- using the metric - with the Ricci tensor. 

From classical results in spectral analysis (an obvious adaptation to A of Strichartz's proof that the 
Laplacian is self-adjoint on a complete manifold, see Theorem 3.13 in [M]), we know that if 1l_ is 
bounded and in Lj oc , then A + 1Z + — 1Z- is essentially self-adjoint on Cq°(E), 

2.1 Consequences of the Sobolev inequality- 
Let us denote qn the quadratic form associated to H: 

q H {uj) = [ |Vw| 2 + f {K + u,u>), 
Jm Jm 

and qA the quadratic form associated to the usual Laplacian on functions: 

Qa(u) = / \du\ 2 . 
Jm 

We will see in this section that H = A + 1Z+ shares with the usual Laplacian acting on functions a 
certain amount of functionnal properties. It is due to the following domination property (see [4]): 

Proposition 2.1 For every section lu € Cq°(E), \u>\ is in W 1,2 (M) and 

> <7a(M). 

We say, following Berard and Besson's terminology, that A dominates H . 
A consequence of this domination is: 
Proposition 2.2 For all lu e C^{E), 

\e~ tH u\ <e- tA \Lo\,Vt >0, 

and 

\H- a uj\ < A- a \uj\, Va > 0. 



G 



Proof 



The first part comes directly from [4]. 
The second domination is a consequence of the first one and of the following formulae: 

1 f°° 
r(« + 1) Jo 

A- a = — / e-^t^dt. 

□ 

It also yields: 

Proposition 2.3 LL satisfies the n-Sobolev inequality: there is a constant C such that 

IMI ja. < C(Huj,uj), Vu e C^{E). 

The domination property, together with the fact that e~* A is a contraction semigroup on LP for all 
1 < P < oo, gives at once that e~ tH is also a contraction semigroup on all the LP spaces. 
From the ultracontractivity estimate: 



||e-* A ||i,oo<^,W>0, 

valid since M satisfies a n-Sobolev inequality (see [30]), and the domination of Proposition (|2.2[) . we 
deduce that we also have: 

l|e-**lk»<^,V*>0. 
By interpolation with ||e~* ff ||oo,oo < 1 3 we deduce that for all 1 < p < oo, there exists C such that 

||e-* ff || P ,oo<^,Vi>0. 

Interpolating with 1 1 e ||p,p < 1, we obtain: 

ll C \\P,Q — n ( i P V 

Furthermore, the domination property also yields that e~ tff is a contraction semigroup on LP , 1 < p < 
oo, so by Stein's Theorem (Theorem 1 p. 67 in [33]), e _tff is analytic bounded on LP , for all 1 < p < oo. 
Hence we have proved: 

Corollary 2.1 e~ tH is a contraction semigroup on LP , for all 1 < p < oo. 

For aZZ 1 < p < oo, £/iere exists C such that: 



C 



\e- tH \\ P , q < n : iT ,Vt>0, V g >p. 



c 



Moreover, e tH is analytic bounded on LP with sector of angle ^ ^1 — | — 1 ^ , for all 1 < p < oo. 

We recall the following consequences of the analyticity of a semigroup, which come from the Dunford- 
Schwarz functionnal calculus (see [27], p. 249): 

Corollary 2.2 Let e~ zA an analytic semigroup on a Banach space X. Then there exists a constant 
C such that for all a > 0: 



7 



1. 

\\A a e- tA \\ < —,Vt>0. 

II II - ta -> 

2. 

+ tA) a e- tA \\ < C, Vt > 0. 

Furthermore, the domination property also yields that e~ tH is a contraction semigroup on L p , 1 < p < 
co, so by Stein's Theorem (Theorem 1 p. 67 in [33]), e~ tH is analytic bounded on L p , for all 1 < p < oo. 
Thus: 

Theorem 2.1 H satisfies the following properties: 

1. The mapping properties: 

For all a > 0, 

R -a/2 . L p > L q 

is bounded whenever ^ = ~ — ^ and p < q < oo (in particular we must have p < ~). 

2. The Gagliardo-Nirenberg inequalities: 

For all s > r > n, 

|H| £ - < C(n,r, s)\\Hu\\ e r/2 \\uj\\lj°, Vcj e C?{E), 

Wkere 6 = l-(n/r) + (n/ fl ) ' 

Proof : 

The mapping properties for are the consequence of the domination of Proposition (|2.2I) and of 
the mapping properties for A, which hold since M satisfies a n-Sobolev inequality (cf [3S], Theorem 1 
and [H] , Theorem II. 4.1). The Gagliardo-Nirenberg inequalities are extracted from [TU], Theorems 1 
and 2, given the ultracontractivity of e~ tH and its analiticity on LP for 1 < p < oo (Corollary (|2.ip ). 

□ 

Furthermore, we have the following important fact: 

Proposition 2.4 All the results of this section are also valid if we replace H by H + A with A > 
(since H + A is dominated by A, for all X>0), and moreover the constants in the Sobolev inequality, 
in the Gagliardo-Nirenberg inequality and also the norms of the operators (H + A) _Q : LP — > L q , are 
all bounded independantly of A. 

This will be intensively used later. 
2.2 Strong positivity 

As in the previous section, denote H := A + 1Z+ and 

L = V*V + K = H -K-. 
We assume - as it is the case for the Laplacian on 1-forms - that L is a non-negative operator: 

Assumption 1 L is a non-negative operator. 

It is equivalent to the following inequality : if u> € Cq°(E), 

< (K-uj,lu) < (Hu,u). 
Let us recall the following classical definition: 
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Definition 2.1 The Hilbert space Hq is the completion ofC yD (E) for the norm given by the quadratic 
form associated to the self-adjoint operator H . 

We also recall some of the properties of this space Hq associated to H: 

Proposition 2.5 1. Hq <-t L n ~ 2 (E). In particular, it is a space of sections of E — > M. 

2. H x l 2 , defined on C X '(E) ) extends uniquely to a bijective isometry from Hq to L 2 (E). 
Thus we can consider H- 1 ' 2 : L 2 (E) -> 

3. If we consider the operator H 1 ! 2 given by the Spectral Theorem - denote it H X J 2 to avoid confusion 
with the one we have just defined from Hq to L 2 - then T>om{H^ 2 ) = Hq f]L 2 (E), and moreover 
H 1 ' 2 coincide with h]' 2 on H% n L 2 {E). 

Sketch of proof of Proposition (|2.5I) : 

JTJ) is a consequence of the Sobolev inequality of Proposition (|2.3p . The Sobolev inequality implies that 
H is non-parabolic, and ([2]) can be obtained by the same method as in [16]. (j3]) can also be obtained 
by the techniques developped in |16) in the context of Schrodinger operators acting on functions, which 
adapts to the case of Schrodinger operators acting on sections of a vector bundle. 

□ 

In what follows, we assume that JZ- E L% . 

Definition 2.2 We say that L is strongly positive if one of the following equivalent - at least when 
TZ- G L~ - conditions is satisfied : 

1. There exists e > such that: 

< (TZ-U,u) < (l-e){Hu,u), Vw € C^(E). 

2. 

Ker Hl (L) = {Q}. 

3. The (non-negative, self-adjoint compact if 7Z- G ) operator A := H^'^TZ—H^ 1 ' 2 acting on 
L 2 (E) satisfies: 

\\A\\ 2 ,2<(l-e), 

where e > 0. 

Remark 2.1 In general, we have the equivalence between 1) and 3) and the implication 3)=>2), under 
the sole hypothesis that A is self-adjoint (which is the case if 1Z- G but can be true under more 
general conditions). The fact that 2)=>3) is true as soon as A is self-adjoint compact. 

Proof of the equivalence: 
We can write: 

L = H - 1Z- = H^ 2 (I - A)H l l 2 . 
First, let us prove that 1) 3'), where 3') is defined to be: 

3') : (Au,u) < (1- s){u,u), Vw G L 2 . 

Remark that 3') is equivalent to 3) when A is self-adjoint. Let ui G Cq°(T(E)), and set u — H 1 / 2 ^ G 
L 2 (T(E)). Then 

(Au,u) <(l-e)(u,u) & {H^^IZ-uj.H 1 ' 2 ^) < (1 - e^H^ta, H 1 /^) 

(TZ-L),u) < (1 - e){Hw,w) 

Then we show that 3) 2). This is a consequence of the following Lemma: 
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Lemma 2.1 If A is self-adjoint, then 

H 1/2 : Ker H \ (L) -> Ker h i{l - A) 
is an isomorphism (and it is of course an isometry). 

Proof : 

Let u G Hq] we can write u = H^ 1 ! 2 ^, where <p G L 2 (T(E)). By definition, Lu = means that for 
every v G C^(T(E)), 

(u,Lv) = 0. 

This equality makes sense, because since H satisfies a Sobolev inequality, Hq ^> L\ oc . The Spectral 
Theorem then implies, since C T>om(H), that given v G C^°(T(E)) the following equality holds in 
L 2 (T(E)): 

Hv = HWHWv. 

Hence 

Lv = (H- R_)v = H X I 2 {I - A)H 1 ' 2 v. 

Let w := (I - A)H 1/2 v; then the preceeding equality shows that w G Vom(H 1/2 ) = Hq n L 2 (T(E)). 
Furthermore, H x l 2 w = Hv is compactly supported, so we have: 

(u,H 1/2 w) = (H 1/2 u,w). 

Indeed, if u G Hq D L 2 it is a consequence of Lemma 3.1 in |16) . and a limiting argument plus the fact 
that Hq <-} Lf oc shows that it is true for all u G Hq. 

Lu = <=> Vv G C* °°, (ff 1/2 u, (J - A)H 1 ^ 2 v) = 0. 
But since H 1 ^ 2 Cq°{E) is dense in L 2 (E), we get, using the fact that A is self-adjoint: 

Lu = ^> Vv G L 2 , (H 1 / 2 u, (I — A)v) = 
<(=>> ff 1 / 2 ^ G ^er L 2 (I - A) 

□ 

It remains to prove that 2) 3) ; this is a consequence of Lemma (|2.1j) and of the following Lemma, 
which is extracted from Proposition 1.2 in [7]: 

Lemma 2.2 issume Git. Then A := H-^ll-H- 1 / 2 is a non-negative, self-adjoint compact 
operator on L 2 (T(E)). Moreover, 

\\A\\ %2 <C\\K-\\ 9 , 
where C depends only on the Sobolev constant for H . 

□ 

We will also need the following Lemma, which is an easy consequence of the definition of strong 
positivity: 
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Lemma 2.3 Let H be of the form: H = A + TZ+, with TZ+ non-negative. Let 11- e End(A 1 T*M) 
be symmetric, non-negative, in L~ such that L := H — 1Z- is strongly positive. Then the Sobolev 
inequality is valid for L, i.e. 

IMI 2 ^ < C(Luj,uj), Vu; G C^{E). 

Proof : 

By definition of strong positivity, 

{K-W,w) < (1 - e){Hu),w). 

Therefore: 

(Luj,uj) = (Hlu,lu) — (1Z_lo,lo) 

> (l-(l-e))<ffw,w) 

> eC\\u\\\^, 

where we have used in the last inequality the fact that H satisfies a Sobolev inequality. 

□ 

3 Gaussian upper-bound for the Heat Kernel on 1-forms 

3.1 Estimates on the resolvent of the Schrodinger-type operator 

In this section, we will show how to obtain bounds on the resolvent of L := V*V +TZ + — 1Z- = H — 1Z-. 
In order to do this, we first have to estimate the resolvent of the operator H = A + 1Z+. Recall from 
Corollary (|2.1[) that e~ tH is a contraction semigroup on L p , for all 1 < p < oo. Using the formula: 

/•oo 

(L+ A)" 1 = / e- tL e- tx dt, 
Jo 

we get: 

Proposition 3.1 Let (M m ,g) be an m-dimensional complete Riemannian manifold. Then for all 
A > and for all 1 < p < oo, 

\\(H + X)-%, p <j. 

Remark 3.1 The case p — oo is by duality, for (H + A) -1 is defined on L°° by duality. Indeed, for 
g G L°°, we define (H + \)~ 1 g so that: 

((H + Xy'g, f) := (g, (H + A)- 1 /), V/ e L 1 
(recall that (L 1 )' = L°°). It is then easy to see that \\(H + A) - 1 1 1 i ; i < 4 implies \ \{H + X)^ 1 ]]^^ < j. 

We now estimate the resolvent of the operator L := V*V + 7?.+ — 7£_; as before, L acts on the sections 
of a vector bundle E — » M (see the beginning of the Preliminaries for the general context). The key 
result is the following: 

Theorem 3.1 Let (M,g) be a complete Riemannian manifold which satisfies the Sobolev inequality of 
dimension n fl£„D , and suppose that 7Z- is in L^ ±£ for some e > 0. We also assume that L, acting 
on the sections of E — > M , is strongly positive. Then for all 1 < p < oo, there exists a constant C(p) 
such that 



11 



||(i + A)- 1 |U P <^M,VA>0. 

Proof : 

In this proof, we write L q for L g (E). Let us denote H\ := H + A. So 

where T A := H^R— If we can prove that (I — T\) 1 is a bounded operator on TP , with norm 
independant of A, then by Proposition (|3. 1 [) we are done. To achieve this, we will show that the series 
J2 n >o T\ converges in C(L P , L p ), uniformly with respect to A > 0. 

The aim of the next two Lemmas is to prove that T\ acts on all the L q spaces. We single out the case 
q = oo, for it requires a different ingredient for its proof: 

Lemma 3.1 T\ : L°° — > L°° is bounded as a linear operator, uniformly with respect to A > 0. 
Proof : 

We have seen that e~ tHx satisfies the mapping properties and the Gagliardo-Nirenberg inequalities 
of Theorem (12. ip with constants independant of A > 0. Let u <E L°°. We apply the Gagliardo-Nirenberg 
inequality for Hy. 

\\Txu\U < C||i?_ U ||« /2+e ||T AU ||i- 8 , Vp, 

with C independant of A (see Proposition (|2 .4[) ) . We have ||i?_u||™+ e < ||i?_|| «+ e ||w|| 00 . By the 
mapping properties of Theorem (I2.1[) . H^ 1 : L%~ e — > L s for a certain s, with a norm bounded 
independantly of A. So we get: 

||T A u|U < C||J2_||* /a+e (||^ 1 || n/2 _ ei ,|| J R_|| n/2 _ e ) 1 - 9 ||«|| 00 < C||u|U 

□ 

Lemma 3.2 1. For all 1 < j3 < oo, 
is bounded. 

2. There exists V > (small and independant of X > 0), such that for all j3 < oo, and for all A > 0, 

Tx-.L 13 ^ L r (lL s , 

where ^ = max(-g — v, + )) and - = min(4 + v, 1), is bounded uniformly with respect to A (here 
+ denotes any positive number). 

3. For P = oc, 

T x : L°° -> L°° n L p 
is bounded uniformly with respect to X, if p big enough. 
4- For (3 large enough, 

T x : L 13 -> L 13 n L°° 
is bounded uniformly with respect to X. 
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Proof 



If u G and n£L 7 , then 

||to|| -rff < IMI/3|MI 7 - 

7 + Z 3 

Therefore, 7\L_ : ->• is bounded, where | = ^ + |, for all p G [f - e, | + e]. Taking p = |, we 

find the first result of the Lemma. 

Applying the mapping property (|2.ip . we deduce that: 

H^TZ- : L p U n L s 
is bounded independantly of j3, and also uniformly with respect to A > by Proposition (|2.4[) , where 

\ = maX {{^TTe -^) + ^° + ) = maX (j - ^ 

and 

1 // 2 2\ 1 \ /l 



= mm 



1 =min , 



s \\n — 2e nj /3 J \/3 

hence the second part of the Lemma with v = min(/i, fj/). 

For the case ft = oo, we have s = -k- = p large, and we already know from Lemma (|3.1[) that T\ 
send L°° to L°°. 

For the case f3 large enough: since TZ- G L% +e , if /3 is large enough and u G L* 3 , then 7?._u G L^ +Q 
for an a > 0. We apply Gagliardo-Nirenberg's inequality: for such a /3, 

This yields the result. 

□ 

As a corollary of Lemma (|3.2j) . we obtain: 



Proposition 3.2 For a/Z 1 < /3 < oo and 1 < a < oo, f/iere exists an N G N (which depends only on 
ft and a, and not on X), such that for all A > 0, 

Tf : L a — > TP 

is bounded uniformly with respect to A. 

Thus, if we can prove that there is a (3 G [1, oo] and a fj, G (0, 1) such that 

WTtWf,,? <C(l-p) k , fcGN, 

with C independant of A > 0, we will obtain that the series X)n>o -T? conver g es m C(L P ,L P ) for all 
1 < p < oo, uniformly with respect to A > 0. Indeed, for a fixed p, according to Proposition (|3.2p we 
can find N such that 

T\ : L p 

and 

T X :L P ^ L . 

Then, for k > 2N, we decompose TP in 
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Jik _ rpNrpN-2krpN 

where T x on the right goes from L p to L@, and T x on the left goes from to L p ., and where T^ 2k 
acts on L 13 . As a result, if we had 

\\T k \\^<C(l-p) k ,k£N, 

then it would imply that 

llltH^ <C(l-p) k , k>2N, 

which in turns implies that the series 53 n >o-^A conver g es m C(L P 1 L P ) for all 1 < p < oo, uniformly 
with respect to A > 0. Therefore, we are left to find /3 such that 

||T A fc ||^<C(l-/i) fc , keN, 
with C independant of A. It is the purpose of the next Lemma: 

Lemma 3.3 Let (3 := Then \\T x \\p t p < C(l - p) k for all k £ N with constants C and < n < 1 

independant of A > 0. 

Proof : 

We write : 

t a = h x - 1,2 [h x 1,2 ii-H x 1,2 ]h 1 x /2 , 

and we define ^4a := -ff A 1 ^ 2 Tt-H x 1 ^ 2 . Let us define the Hilbert space Hq x to be the closure of Cfi°(E) 
for the norm: 

lo^ (^jv w | 2 + am 2 ) 7 -QaH 1/2 , 

where Qa is the quadratic form associated to the self-adjoint operator H x . If A > 0, it is the space 
Hq n L 2 = 2?om(i? 1 / 2 ), but with a different norm. The choice of the norm is made so that H^ 2 : 
Hq x — > L 2 is an isometry. Since A x : L 2 — > L 2 , and given that Ta = HT A\H X ^ 2 , we deduce that : 

T \ ■ H o,x -> #o,A with II t a||hi A ^i_ A = ||-Aa||2,2- 

But by the equivalence 1) 3) in the Definition (|2 . 2[) . the existence of p £ (0, 1) such that ||A\||2,2 < 
1 — pi is equivalent to: 

(ft_u;,w) < (1 - A*)((ffA)w,w>, g cg°(r(£;)). 

Since ((i? + \)lu,lu) = (Hlu,lu) + A||w||2 > we obtain that the existence of some p £ (0, 1) 

such that for all A > 0, | |^4a 1 1 2,2 < 1 — /x is equivalent to the strong positivity of L. Therefore 
II^aII// 1 h i < (1 — p). Moreover, by the functionnal consequence of Sobolev's inequality (Theorem 

(23)) ° 



F; 1 / 2 : L 2 , 

with norm bounded independantly of A > (by Proposition (|2.4[) . and by Lemma 

so that, using that H x X ^ 2 : L 2 — > x is an isometry and that we can write Ta = H x 1 ^ 2 [H X 1 ^ 2 1Z-], 
we get that 
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T A : L & H} 



0,A; 



is bounded with a bound of the norm independant of A > 0. Furthermore, Hq a <^-> Hq is continuous 
of norm less than 1, and the Sobolev inequality for H says precisely that: 

Hi 

continuously. Therefore, Hi x ^ L@ continuously, with a bound of the norm independant of A. Then 



we write = T^Tx, with 



and 



: X -> Hl x ^ 

so that we get: 

||T A fc ||^<C(l-/i) fe . 

□ 

As a byproduct of the proof (more precisely, of Proposition (|3.2j) and Lemma (I3.3[) ). we get: 
Corollary 3.1 

(L + xr^ii-ny'H- 1 , 

with (I — T\) _1 : L P (E) — > L P (E) bounded with a bound of the norm independant of A, for all 
1 < p < oo. 



We could hope to deduce from Theorem (|3.1[) that e~* L is uniformly bounded on all the L p spaces, 
by an argument similar to the Hille-Yosida Theorem. In particular, the Hille-Yosida-Phillips Theorem 
tells us that the bound 

H(i + A)- fe ||<^,VfcGN, 

with C independant of A and k, is necessary and sufficient to obtain e~ tL uniformly bounded. The 
issue here is that applying Theorem (|3.ip directly yields: 

ll(£ + A)- fc || < ^,VfceN, 

i.e. the constant is not independant of k. In fact, applying the method of Theorem (|3.ip in a less naive 
way would in fact yield: 

Clk 

\\{L + X)- k \\ <pVfc€N, 
i.e. the growth of the constant is linear in k and not exponential. 

We will use an idea of Sikora to overcome this problem: it is shown in [3T] that a Gaussian estimate 
for e~ tL can be obtained using suitable on-diagonal estimates. Therefore, our goal will be to get these 
on-diagonal estimates for e~ tL , that is estimates for ||e _ti ||2,oo, and to get these we can try, following 
Sikora, to get estimates on \\(L + A)~ fc || 2 ,oo- The point is that the bound needed on \\(L + A) _fe ||2,oo 
need not be independant of k, so Theorem (I3.1[) should be enough to prove it! We follow this path in 
the next section. 

Remark 3.2 Of course, at the end, if we succeed in proving the Gaussian estimate for e~ tL , e~ tL will 
be uniformly bounded on all the L p spaces. 
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3.2 On-diagonal upper bounds 

The next Proposition is a slight generalisation of Sikora's idea: 

Proposition 3.3 Let X be a measurable metric space. Let L be a self- adjoint, positive unbounded 
operator on L 2 (X) , and let 1 < p < oo. Assume that the semigroup e~ tL is analytic bounded on 
L p (X) (it is necessarily the case if p = 2). The following statements are equivalent: 

1. There exists a constant C such that for all t > 0, 

lle-* L ll < ° 

H e Hp,oo - t n/2p ■ 

2. For an (for all) a > n/2p, there exists a constant C(p,a) such that 

\\(L + X)- a \\ P ,oo < C( P , a)X~ a+n / 2p , VA > 0. 



\\(L + X)- a \\ Pt00 < C(p,a)\- a+n / 2 P 1 VA > 



Proof of Proposition (13.3 
First, notice that 



can be rewritten as 



||(/ + <L)- Q || P:00 < C(p,a)t~ n / 2 P, Vt > 0. 
2) =>■ 1): since e~ tL is analytic bounded on L p , by Proposition (|2.2j) there is a constant C such that: 

\\(L + tL) a e- tL \\ p . p < C, Vt > 0. 
We then write e~ tL = (I + tL)- a {(I + tL) a e~ tL ) to obtain the result. 

1) => 2): we have 



(L + A)- = — — - / e-^e-'V- 1 *, 
T{a + 1) J 



so that 



||(£ + A)- Q || P)00 < — ^— I e-^We-^Wp^t^dt. 



T(a + l)J 
Using the hypothesis, we obtain: 

1 f°° 1 f°° 

\\(L + X)- a \\ P ,oo < =7 , 7T / e- x H a - n ' 2 v- l dt = - ■ A-"+"/ 2 p / e -«u°'- B /*- 1 d«. 
r(a + l)J r(a+l) J 

Since a — n/2p > 0, the integral J °° e~ u u a ~ n / 2p ~ 1 du converges, hence the result. 

□ 

We will use both sides of the equivalence. First, we apply this to H (which, by Corollary (|2.1[) . satisfies 
ll e ~* ff llp,oo — t n/2 P and which is analytic bounded on LP for 1 < p < oo by Corollary (|2.ip ). to get: 

Corollary 3.2 For all 1 < p < oo and a > n/2p, there exists a constant C(p, a) such that 

\\H^ a \\p^ < C(p,a)\- a+n / 2p , VA > 0. 
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We now use the other side of the equivalence in Proposition (|3.3[) (i.e. a bound on the resolvent implies 
a bound on the semigroup) to prove the following Theorem, which is our main result in this section: 



Theorem 3.2 Let (M n ,g) be an complete Riemannian manifold which satisfies the Sobolev inequality 
of dimension n fl£ n D , and assume that TZ- is in Lt ±E for some e > 0. We also assume that L := 
H — 1Z- = V*V + TZ+ — TZ-, acting on the sections of a fibre bundle E — > M, is strongly positive. 
Then we have the following on-diagonal estimate: there is a constant C such that 



I le—*^ 1 1 2 00 < —77, V< > 0. 
Proof : 

In this proof, we write L q for L q (E). By Proposition Q3.3p . it is enough to prove the estimate: 

||(i + A)- w || 2 , oo < T ^ 7T ,VA>0, (1) 

for an N > n/4. We use the fact that for all 1 < p < 00, we have (L + A) -1 = (I - T X )^ 1 H X 1 
on L p , where (I — Ta) _1 is bounded on all the LP spaces, with a bound for the norm independant of 
A > (c.f. Corollary (pTTj)), Let k = [n/4\ = ■ We will show the estimate {TJ for N = k + 1 . 



C 



First case: f £ N 

We want to show the estimate ||(L + A)~ fe_1 ||2,oo < x (k+?)- n /4 , VA > 0. Define p > § by: 



p 2 n 



By the mapping property (Theorem (j2.1[) ). 



H^:L^L% 1 -= 1 --^T<^, 
s r n 2 



with a norm bounded independantly of A. Using the fact that (/ — T x ) 1 is bounded on all the LP 
spaces, with a bound for the norm independant of A > 0, we get that 

(L + X)- k :L 2 ^L p 
is bounded uniformly in A > 0. Since ^ < 1, we have by Corollary p.2ft : 

H- 1 : L p — > 



with 
so that: 

||(i + A)-*- i || 2l0O <C(A)A- l+ * 



^fe+l-n/4 ■ 

which is what we need. 



Second case: | eM hence k = \. We write H x 1 = H x a H 1+Q , where a € (0, 1). Then by Proposition 



(EH), ||i^ 1+Q |k 2 < tt^, and 

1 _ 1 2 
q 2 n 

is bounded with a norm bounded independantly of A > 0. This time, we define p > § by: 



F" a : L 2 — ► L g , - = 



1 1 „ 

-=-- fc-l+a— 
p 2 n 
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We get: 

C 



< 



A 



l — a : 



Therefore, using that \\H X 1 \\ p ,oo < C\ 1+2 p and ||(7 — X\) 1 || 00 . 00 < C independant of A, we obtain: 



IKl + a)-*- 1 !^^ 



A: — 111 Cfe 



X(l-n/2p)+(l-a) ' 

But j- = j — (k — 1 + a), which yields what we want. 

□ 

3.3 Pointwise estimates of the Heat Kernel on 1-forms 

Let us recall the following definition: 

Definition 3.1 Let X be a metric measured space, E a Riemannian vector bundle over X , and L a 
non-negative self-adjoint operator on L 2 (E). We say that L satisfies the finite propagation speed 
property if for every t > 0, 

supp K cos(tVI) C {(x, y) e X x X : d(x, y) < t}, 
where K cos u^/l) denotes the kernel ofcos{t\/L). 
A consequence of Sikora's work (Theorem 4 in [21]) is: 

Theorem 3.3 Let X be a metric measured space whose measure is doubling, and E a Riemannian 
vector boundle over X. If the following on-diagonal estimate holds: 



\\e- tL \\2,oo<^ JI ,yt>0, 

with L non-negative self-adjoint operator on L 2 (E), satisfying the finite speed propagation, then there 
is a Gaussian-type estimate for eT tL : for every 5 > 0, there is a constant C such that 



C 



/y-,. m>1 /Ll (.r.//)|h — (>xi»( —Jf^ I ■ ' <-.</ - V- V/ ■ •(). 



C ( 

Qxp(-t£)(z,2/)|| < ^yi ex P ( 

where -Kcxp(-tL) denotes the kernel of e~ fL . 

It is shown the following fact in the appendix of [23], p. 388- 389: 



Proposition 3.4 Let M be a complete Riemannian manifold, E a Riemannian vector bundle over 
M , and L an operator of the type: 

L := V*V + "K, 

such that L is non-negative self-adjoint on L 2 {E). Then L satisfies the finite propagation speed prop- 
erty. 

Therefore, we have shown the follwing result, consequence of Theorems (|3.3|) and (|3.2[) : 



Theorem 3.4 Let M be a complete Riemannian manifold satisfying the Sobolev inequality of dimen- 
sion n d<$ n D ; E a Riemannian vector bundle over M, and L an operator of the type: 



L := \7*V +TZ+ -K-, 

such that L is self-adjoint on L 2 (E). We assume that 1Z~. € L^ ±£ , for some e > 0, and that L is 
strongly positive. Then for every S > 0, there is a constant C such that 

\\K eM _ tL) (x,y)\\ < ^exp (-*J™Pj, y x ,y e M, Vt > 0, 
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The bound that we obtain is not exactly what is usually called a Gaussian estimate for e ; indeed, 
a Gaussian estimate for e~ tL is a bound of the following type: 

\\K cxpi ~ tL) (x,y)\\ < v(x C tl/2) exp ("^^) > V*,» G A/, V* > 0. 

The problem comes from the term V(x,t 1 ^ 2 ), which may not behave like t~ n l 2 . Indeed, when M 
satisfies a Sobolev inequality of dimension n, we only have the lower bound (proved in [5] and pQ): 

V(x,R) > CR n , Vi? > 0,Vx G M, 

which implies by the way that n > dim(M). For example the Heisenberg group Hi is a manifold of 
dimension 3 which satisfies a 4-Sobolev inequality but whose volume of geodesic balls satisfies: 

V(x,R) &R 3 if R< 1, 

and 



V(x,R) ks i? 4 if R > 1. 

Definition 3.2 Let M be a complete Riemannian manifold of dimension m, which satisfies a n-Sobolev 
inequality. We say that the volume growth of M is compatible with the Sobolev dimension if there 
is a constant C such that: 

V(x, R) < CR n , Vz G M, Vi? > 1. 

Definition 3.3 We say that M satisfies a relative Faber-Krahn inequality of exponent n if there 
is a constant C such that for every x G M and R > 0, and every non-empty subset Q C B(x, R), 

Al(ri) >4^(*.«>i\ 2/ " 



r 2 v |n| 

where Ai (ft) is the first eigenvalue of A on fl with Dirichlet boundary conditions. 

It is proved in |19j that the relative Faber-Krahn inequality is equivalent to the volume doubling 
property (jD| together with the Gaussian upper bound of the heat kernel ([Gj : 

ft(x,») < exp , V* > 0,Vx, y G M. 

We have the following property, which is not new but whose proof is given for the reader's convenience: 

Proposition 3.5 Let M be a complete Riemannian manifold of dimension m, which satisfies a Sobolev 
inequality of dimension n §S n l , and whose Ricci curvature is bounded from below. If the volume growth 
of M is compatible with the Sobolev dimension, then M satisfies a relative Faber-Krahn inequality of 
exponent n. 

Proof : 



Let us explain first why the relative Faber-Krahn inequality holds for balls of small radius. Saloff- 
Coste has shown in the following Sobolev inequality: if the Ricci curvature of M is bounded from 
below by— A" < 0, then for all ball B of radius R, 

H/H 2 ^ < ^^^^Mh + * C{1+ ^ R) y^\\fh> V/ G CST(B) (2) 
For balls of radius smaller than 1, © rewrites 
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_ < Cy^\\dfh + Cy^\\f\\a, V/ e CST(B). 

Moreover, for balls of radius smaller than 1, we have the following inequality for the first eigenvalue 
af the Laplacian with Dirichlet boundary conditions, consequence of Cheng's comparison Theorem: 

Xi(B) < CR 2 , 
therefore we obtain that for every ball of radius R<1, 

- c nf^ IM/ll2 ' v/eC ° M(B) - 



i,-2 



From the work of Carron [5] , this is equivalent to the relative Faber-Krahn inequality for balls of radius 
smaller than 1. 

For balls of radius greater than 1: again, according to [S], since M satisfies a Sobolev inequaity 
of dimension n Q£ K | ), M satisfies a Faber-Krahn inequality of exponent n, that is for every open set 

n c m, 

If 51 C B(x, R) with R > 1, we have, using the hypothesis that the volume of balls of radius greater 
than 1 is euclidean of dimension n: 



loil - r 2 \ in 



□ 



Example 3.1 The Heisenberg group Hi satisfies a relative Faber-Krahn inequality of exponent A; in 
fact, it even satisfies the scaled Poincare inequalities and the Doubling Property, which is equivalent 
(by the work of Grigor'yan U8^ and Saloff-Coste ]28$ ) to the conjunction of a Gaussian upper and 
lower bound for the heat kernel. 

Every manifold with Ric > (or more generally, with Ric > outside a compact set, finite first 
Betti number, only one end, and satisfying a condition called (RCA), see \20f ) satisfies the scaled 
Poincare inequalities, and thus a relative Faber-Krahn inequality of exponent dim(M). 

Taking into account what we have obtained in Theorem (I3.2p . we get one of the main results of our 
paper: 

Theorem 3.5 Let (M,g) be a complete Riemannian manifold which satisfies the Sobolev inequality 
of dimension n \S n \ , and E a Riemannian vector bundle over M . Let L a generalised Schrddinger 
operator: 

L :=V*V +11+ -K-, 

acting on the sections of E. We assume that TZ- is in L%~ £ P\L oc for some e > 0, and that L is strongly 
positive. We also assume that the volume growth of M is compatible with the Sobolev dimension. Then 
the Gaussian estimate holds for e~ tL : for every S > 0, there is a constant C such that 

\\K cM ~ tL) (x,y)\\ < y{x C tl/2) exp (-|^) , V(x,y) £ M x M, Vt > 0. 
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Proof 



By Theorem fl3l|, 

\\K cxp{ . tL) (x,y)\\ < v(x C tl/2) exp ("^^) - V (^) e M >< M - Vi > L 
Since M satisfies a relative Faber-Krahn inequality, 

But since 72— is bounded from below, this implies the Gaussian estimate for e~ tL for small times: 

\\K cxpi - tL) (x,y)\\ < v{x C tl/2) exp (-^^) . * M * M > Vi < 

Indeed, this comes from the fact that we have the domination (proved in [21]) : 

\\K eM _ tL) (x,y)\\<e-^ A - c \x,y) 

if ^ < C. 

□ 

We will see in Proposition (14.21) that in fact, under the assumptions of Theorem (|3.5[) . 

Ker L *{L) = Ker H x{L). 
Using this and the definition of strong positivity, we get: 

Corollary 3.3 Let (M,g) be a complete Riemannian manifold which satisfies the Sobolev inequality 
of dimension n \S n \ , and E a Riemannian vector bundle over M . Let L be a generalised Schrddinger 
operator: 

L := V*V + K+ -7e_, 

acting on the sections of E, such that L is non-negative on L 2 (E). We assume that 7Z- is in L^~ e C\L ca 
for some e > 0, that the volume growth of M is compatible with the Sobolev dimension, and that 

Ker L 2(L) = {0}. 

Then the Gaussian estimate holds for e~ tL : for every 5 > 0, there is a constant C such that 
\\K cxpi - tL) (x,y)\\ < v(x C tl/2) exp ("|^) . Vx,y G M, V* > 0. 

4 Applications 

The Gaussian estimate on the Heat Kernel on 1-forms has a certain number of consequences, which 
we decribe now. 
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4.1 Estimates on the gradient of the Heat kernel on functions and scaled 
Poincare inequalities 

We recall a classical definition: 

Definition 4.1 We say that M satisfies the scaled Poincare inequalities if there exists a constant 
C such that for every ball B = B(x, r) and for every function f with /, V/ locally square integrable, 

f \f-f B \ 2 <Cr 2 [ |V/| 2 . 

J B J B 

Coulhon and Duong (p. 1728-1751 in [12]) have noticed that a Gaussian estimate on the heat kernel 
on 1-forms -in fact, a Gaussian estimate on the heat kernel on exact 1-forms is enough- leads to the 
following estimate for the gradient of the heat kernel on functions: 

\V xPt (x,y)\ < jJf ^ exp , V* > 0, Vie, y £ M, 

c 



Vtv(x,Vt) V (4 + <5); 

which, when the on-diagonal Gaussian lower bound for the heat kernel on functions pt(x.x) > «- 

and the volume doubling property (jDj) hold, yields the Gaussian lower bound for the Heat Kernel on 
functions: 

> exp (-0^) , W > 0, V*,y e M. 



In addition, if M satisfies a Sobolev inequality of dimension n Q6>„| ) and if the volume growth of M 
is compatible with the Sobolev dimension, we know from Proposition (I3.5[) that M satisfies a relative 
Faber-Krahn inequality of exponent n, and this implies by the work of Grigor'yan ( 19 ) that we have 
the corresponding upper-bound for the heat kernel on functions: 

But we know from the work of Saloff-Coste and Grigor'yan ([25] and [T5J) that the two-sided Gaussian 
estimates for the Heat Kernel on functions are equivalent to the conjonction of the scaled Poincare 
inequalities and the volume doubling property ([D]) . 

Thus we have proved the following theorem, which extends similar results for manifolds with non- 
negative Ricci curvature: 

Theorem 4.1 Let (M m ,g) be an m- dimensional complete Riemannian manifold which satisfies the 
Sobolev inequality of dimension n \S n D , and whose negative part of the Ricci tensor Ric- is in L5 ±£ 
for some e > 0. We assume that there is no non-zero L 2 harmonic 1-form on M, that the volume 
growth of M is compatible with the Sobolev dimension, and that the Ricci curvature is bounded from 
below. Then we have the following estimates on the heat kernel on functions: 

\V xPt (x,y)\ < -=-£- - exp , Vt > 0, Vx,y e M, 



VtV(x,Vt) V (4 + <5)t 
d 2 (x,y)\ , C ( d 2 (x,y)\ 



V(x,Vt) \ (4 + 6)tJ ~ V(x,Vi) \ (4 + ^ 

and on M the scaled Poincare inequalities hold. 
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4.2 Boundedness of the Riesz transform 

In [3T], Sikora shows that when a Gaussian estimate holds for a semigroup e~ tH , where H is a self- 
adjoint operator, then for every local operator A such that AL~ a is bounded on L 2 , a > 0, then 
AL~ a is bounded on L p for all 1 < p < 2. Given this, we obtain the following corollaries, which are 
consequences of Theorem 10 in [3T] (or Theorem 5.5 in Coulhon-Duong [12 , or the main result of [2]), 
and of Theorem (|3 . 5|) : 

Corollary 4.1 Let (M m ,g) be an m- dimensional complete Riemannian manifold which satisfies the 
Sobolev inequality of dimension n $S n I , and whose negative part of the Ricci tensor Ric- is in L? ±e 
for some e > 0. We assume that . We also assume that there is no non-zero L 2 harmonic 1-form on 
M , that the volume growth of M is compatible with the Sobolev dimension, and that the Ricci curvature 
is bounded from below. Then the Riesz transform <iA -1 / 2 is bounded on L p , for all 1 < p < oo. 

Corollary 4.2 Let (M m ,g) be an m-dimensional complete Riemannian manifold which satisfies the 
Sobolev inequality of dimension n fl£„D , and whose negative part of the Ricci tensor Ric- is in 
for an e > 0. We assume that the volume growth of M is compatible with the Sobolev dimension, and 
that the Ricci curvature is bounded from below. If V is a non-negative potential such that L := A + V 

(-> \~ 1/2 

is strongly positive, then d* I A + V) is bounded on L p for every 1 < p < 2. 

4.3 LP reduced cohomology 

Definition 4.2 The first space of L p reduced cohomology, denoted H^(M), is the quotient of {a € 
L P (A 1 T*M) : da = 0} by the closure in L p of the space of exact forms dC§°(M). 

Let us recall the following result, from [9]: 

Proposition 4.1 Let p > 2. Let M be a complete non-compact Riemannian manifold, satisfying 
the Sobolev inequality of dimension n jS n l , and whose volume growth is compatible with the Sobolev 
dimension. Assume that on M the Riesz transform is bounded on L p . Then Hp(M) has the following 
interpretation: 

Hl(M) -{ljje L p (A 1 T*M) : duj = d*uj = 0} (3) 
As a consequence, T-L 1 {M), the space of L 2 harmonic forms, injects into Hp(M). 

In particular, this implies that H^{M) is a space of harmonic forms: 

Hl{M) C {lo e L P (A 1 T*M) : Aw = 0}. 

Under the hypotheses of Proposition (|4.1[) , every L 2 harmonic form is in L°° , therefore in L p for every 
p > 2. And furthermore, 

Proposition 4.2 Let M be a complete, non-compact manifold, satisfying the Sobolev inequality of 
dimension n \S n \ , and whose volume growth is compatible with the Sobolev dimension. Let E be a 
Riemannian vector bundle over M , endowed with a compatible connection V, and L a generalised 
Schrodinger operator: 

L = V*V +K, 

acting on the sections of E. We assume that 1Z- is in L~ ±e for some e > 0. Let p > 2. Then every 
section uj of E, which lies in L p and satisfies Leo = 0, is in L 1 n L°° (so in particular is in L 2 ). 

In particular, for L the Hodge-DeRham Laplacian on 1-forms: 
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Corollary 4.3 Let p > 2. Let M be a complete non-compact Riemannian manifold, satisfying the 
Sobolev inequality of dimension n \S n [ ) , and whose volume growth is compatible with the Sobolev di- 
mension. Assume that the negative part of the Ricci curvature is in L^ ±£ for some e > 0, and that 
the Riesz transform on M is bounded on LP . Then 

Hf(M) = U l {M). 

Remark 4.1 This improves a result of Carron J^, according to which if M satisfies the Sobolev 
inequality of dimension n, and if the negative part of the Ricci curvature is in LPl" 1 for n > 4, then 
every LP harmonic form, for p = -^2, is in L? . 

Proof : 

Let lo a section of E in LP , such that Luj — 0: that is 

(A + K + )lu -TZ-lo = 0. 

Let H := A + TZ+. 

Lemma 4.1 The following formula holds in L p : 

lj = -H^K-u (4) 

Proof : 

Let 77 := — iJ^Tvl-u;, then n e LP since according to Lemma Q3.2p . we have 7J _1 72._ € C(L P ,L P ), 
and furthermore 

H(u - t)) = 0. 

By Kato's inequality, 

A|w-ry|<0, 

i.e. \uj — rj\ is sub-harmonic. But according to Yau [36], there is no non-constant LP non-negative 
sub-harmonic functions on a complete manifold. M being of infinite volume by the volume growth 
assumption, the only constant function in LP is the zero function. So we deduce that cj = 77. 

□ 

End of the proof of Proposition | P7Sp : If we let T := H^IZ-, then by Proposition (|3.2|> there is an 
N e N such that T n uj e L 1 n L°°. But by ©, 

oj = T oj, 

which shows that wei'fl 

□ 

5 Boundedness of the Riesz transform in the range 1 < p < n 

As announced in the introduction, we now remove the hypothesis of strong positivity. We are mainly 
inspired by the perturbation technique developped by Carron in 8 . This section is devoted to the 
proof of the following result: 
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Theorem 5.1 Assume n > 3. 

Let (M m ,g) be an m- dimensional complete Riemannian manifold which satisfies the n-Sobolev inequal- 
ity, and whose negative part of the Ricci tensor Ric- is in L% ±e for an e > 0. We also assume that 
the Ricci curvature is bounded from below, and that the volume growth of M is compatible with the 
Sobolev dimension. 

Then for every 1 < p < n, the Riesz transform is bounded on LP on M . 

The hypotheses that we have made imply (by Proposition (|3.5|) ) that M satisfies the relative Faber- 
Krahn inequality of exponent n, which is equivalent to the conjunction of the volume doubling property 
([D)l and of the Gaussian upper-estimate on p t ([G]), and we know by [TT] that all this imply that the 
Riesz transform on M is bounded on LP for all 1 < p < 2. What we prove below is that the Riesz 
transform is bounded on LP for every < p < n, which is thus enough to get the result. The proof 
is by a perturbation argument: using ideas of [5], we will show that if V G Cq° is non-negative, then 
d(A + V)- 1 ' 2 - dA- 1 / 2 is bounded on LP for ^ < p < n. Then we will prove that if V is chosen 

such that A + V be strongly positive, d(A + V)~ x / 2 is bounded on LP for < p < n. Finally, the 
following Lemma will conclude the proof of Theorem (|5.1I) : 

Lemma 5.1 Let (M,g) be a complete Riemannian manifold which satisfies the n-Sobolev inequality, 
and whose negative part of the Ricci tensor is in LP I 2 . Then we can find a non-negative potential 
V G C§° such that A + V is strongly positive. 

Proof of Lemma (|5.1|) : 

If we write A + V = (A + W+) -W- = H -W-, and A := H'^W-H- 1 ' 2 , then by the definition 
of strong positivity, A + V is strongly positive if and only if ||^4||2,2 < 1. Moreover, by Lemma (|2.2j) . 
we have ||A||2,2 < CH^-IU/2, where C is independant of the chosen potential V < 0. Therefore, it is 
enough to take V such that \\(V — 72ic_)_||» < which is possible since Ric- € L n l 2 . 

□ 

5.1 A perturbation result 

Our aim here is to prove: 

Theorem 5.2 Assume n > 3. Let (M m ,g) be an m-dimensional complete Riemannian manifold 
which satisfies the Sobolev inequality of dimension n \S n \ , and whose Ricci curvature is bounded from 
below. Let V € Cfi° be a non-negative potential. Then for every < p < n, d(A + V)^ 1 ! 2 — dA -1 / 2 
is bounded on LP on M . 

The proof is an adaptation of the proof in [5J . To adapt these ideas to the case of Schrodinger operator 
with non-negative potential, we will need some preliminary results. First, we recall an elliptic regularity 
result: 

Proposition 5.1 Let V € be non-negative, and let f2 be a smooth, open, relatively compact subset. 
Let Ad be the Laplacian with Dirichlet conditions on fl. Then the Riesz transforms d(Ajj + V)' 1 ^ 2 

— 1/2 

and dA D are bounded on LP for 1 < p < oo. 

We also recall the next Lemma and its proof from [8] : 

Lemma 5.2 Let (M,g) be a complete Riemannian manifold with Ricci curvature bounded from below, 
and V G Cq° be a non-negative potential. Then for all 1 < p < oo, there is a constant C such that 

||d/|| f) <C(||A/|| p + ||/|| f) ),V/eC o °(M), 

and 

\\df\\ p < C(\\(A + V)f\\ p + ||/y, V/ G C °°(Af). 
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Proof 



By Theorem 4.1 in [3], the local Riesz transform is bounded on the L p for 1 < p < oo, i.e. we have 
the following inequality for a > sufficently large: 

\\df\\ p < <7(||AVV||p + «II/IW> V/ € C °°(M). 
We then use the fact that for all 1 < p < oo, there exists a constant C such that: 



HA^VIIp < CyJ\\Af\\ p \\f\\p < + ll/IW. 



c 

~2 

A proof of this inequality can be found in [13] . 

For the case with a potential, we have ||(A + V)f\\ p + a\\f\\ p > \\Af\\ p - ||V||oo||/|| P + o||/|| p . Taking 
a > \\V\loo, we get the result. 

□ 

Proof of Theorem S5.2\) : Let p € (^j,n). We follow the proof of Carron in [5]. We define L := A + V, 
L\ := A; we take K\ smooth, compact containing the support of V, and K2, K3 smooth, compact 
such that K\ CC K% CC K3. We also denote ft := M \ K\. Let (po, p\) a partition of unity such that 
supppo C f2 and supppi C K 2. We also take and 4>\ to be C°° non- negative functions such that 
supptfio C fl, supptpi C if 3 and such that fapi — pi. Moreover, we assume that 4>i\k 2 = !• 
We define Ho := A + V with Dirichlet boundary conditions on K3, and Hi :— A with Dirichlet 
boundary conditions on .K3. Then, following Carron, we construct parametrices for e~ tv ^ and e~ t ^°: 
the one for e~ ty ^ is defined by 

E]{u) := 0ie-*^ Hr O'iu) + ^"^(pou), 
and the one for e~ tv ^° is defined by 

:= 0ie-*^(pi U ) + ^je-^tpou). 

Let us note that for e - *^^, we approximate by e _tv ^ outside the compact K3, and not by e~ t ^° . 
Let us also remark that Eq(u) = Eg(u) = u, as it should. We then have: 



-*^(«) = B*(u) - G 4 [(-^ + L^EHu)] , 



dt 2 

ri 2 

where Gi is the Green operator on R + x M with Dirichlet boundary condition, associated to — ^ + L; . 
Next we have to show that the error term can be well-controled. We compute: 

and 

d 2 

{-Qp + Lo)E°(u) = [L , </n]e- tVB °(jnu) + [L x , ^ }e~ tVri \p Q u) + (L - Li)tfoe~ tVEr (pou). 

But Lq — Li = V is supported in Ki, therefore (Lq — L^tfioe^ 1 ^^- (poll) = 0- Moreover, we have 
[A+V.&] - [A, <f>i], therefore [i 0l ^e^^^u) = (A^e-^ ( Pl u))-2(d^, Ve"* ff ° (^u)). Define 
Sftu) := (-j^+LjEHu). We get: 

#(«) = [A, o ]e- tvTr (pow) + [A, ^ile-^Cpitt), 

and 
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Lemma 2.4 in [5] implies: 

||[A^ ] e -^ A ( PoU )||i + ||[A^ ]e- tVA (p M)|| P < 



p ~ [i+ty/p' 



Furthermore, if fx(u) := [A, 4>i]e~ tVHl (fiiu) = (A^i)e~* VHl (pm) - 2(d0i, Ve~ tHl (pm)}, 

and /o(u) := [A, 0i]e _tv77 °(piu) = (A0i)e"* v77 °(piu) - 2(#i, Ve"* ff °(piu)), we have as in [5]: 

H/.^ll! + \\Mu)\\ p < —^— \\u\\ v , Vi > 0. 
Indeed, if we denote pf(t,x,y) the heat kernel of H, then for Fi, F2 disjoint compact subsets, 

limpf (*, .,.)Ifixf 2 = in C 1 

(cf [T7] Lemma 3.2 and [25], Proposition 5.3). But by our hypotheses, the supports of pi and of 
A0i are compact and disjoints, as are the ones of p\ and dxj>\. Therefore the kernels of the operators 
S % (t) := [A, <pi)e~ ty ^ pi are uniformly bounded as t — > 0. So we get: 

||S*(t)|| P) oo<C,VtG [0,1]. 

Now, the operators Hi have a spectral gap, so ||e~ tv ^||2.2 < e _ct , where c > 0. If v € W 1 '^!^) 
is a non-negative solution of ^| + (A + V^)w = 0, then ^ + Ai> < 0, and therefore by the parabolic 
maximum principle, v attains its maximum on {< = 0} U dK%. If we take v :— e~'^ D+v ^l, which is 
zero on dK 3 for t > 0, we get: 

/ Pi(t, x, y)dy < 1, Vx € #3, 

and therefore | j e *||oo,oo < 1- By duality, it is true also on L , and by the subordination identity we 
have: 

\\e~ tVm \\i,i + I le-'^l |oo,oo <C. 
Interpolating this with the L 2 bound, we get that 



-tVHi\\ < Hp-cl 

I |p,p _ V - /C 7 



for 1 < p < 00, where the constants C and c depend on p. Then we write for t > 1: 

HS'^HU < ||[A,^]e-i^ Hr || i p-,z-||e-( t - 1 /2)VH« pitt || 1 ., < Ce 



Lemma 5.3 



Here we have used that the heat kernels pf(h, ■, ■) are C°° . Thus we have proved: 



||5i( u )||i + ||sj(«)|| p < n^wp lMU vt > 0. 

The error term, when we approximate e _t%/ ^ by the above parametrix is Gi(S l t (u)). We cannot control 
it directly, but the main argument of [5] shows that when we integrate the error term, we can control 
it well: more precisely, given the result of Lemma (|5.3I) . we have the following Lemma that sums up 
Carron's result: 

Lemma 5.4 Assume n > 3. Let (g r i (u))(x) := J °° (Gj(S£(u)))(i, x)dt . Then for any -^j < p < n, 
there is a constant C such that for all u £ L p , 

\\LMu))\\ p + \\gi(u)\\ p <C\\u\\ p . 
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Applying Lemma (|5.4p . we deduce that 



\\d( 9i (u))\\ p < C\\u\\ p . 
We can now finish the proof of Theorem (15. 2[) . We use the formula 

pOO 

to get: 

L i u = <p 1 H l p 1 u + <p L 1 p u-cgi{u). 

Therefore: 

dL 1 1 ^ 2 u — dL Q 1//2 ti = (d(4>iH 1 ' p\u) — d(ipiH p\u)) + c(dgo{u) — dg\{u)). 
(here is where we use the fact that we have taken for parametrices e _tv/ ^" for both operators outside 

1/2 1/2 1/2 1/2 

a compact set). Write d((j)iH i piu) — (d(j)i)H i piu + i^df^ p\u. (d(pi)H i pi has a smooth 
kernel with compact support, therefore is bounded on LP . Applying Proposition (|5.ip . we get that 

— 1/2 

4>\dH i ' pi is bounded on L p , hence we have the result. 

□ 

5.2 Boundedness of d(A + V)~ l/2 
We now show: 

Theorem 5.3 Assume n > 3. Let (M m ,g) be an m- dimensional complete Riemannian manifold 
which satisfies the Sobolev inequality of dimension n fl£„D ; and whose negative part of the Ricci tensor 
is in L~~ £ n L°° for some e > 0. We also assume that the volume growth of M is compatible with the 
Sobolev dimension. Let V £ be non-negative, such that A + V is strongly positive. Then the Riesz 
transform d(A + V)^ 1 ^ 2 is bounded on L p for every 1 < p < n. 

We first show a preliminary result: 

Lemma 5.5 (A + V)~ 1 ^ 2 d is bounded on LP for every 2 < p < oo. 
Proof : 

It is a direct consequence of Corollary (|4.2p . by taking duals. 

□ 

Proof of Theorem S5.3\) : First, let us note that we can restrict ourselves to the case < p < n. 
Indeed, for 1 < p < 2, since the hypotheses that we have made imply the Faber-Krahn inequality, 
and given the domination e~*( A+y ) < e~ tA , we have a Gaussian upper bound for e~ l ( A+v \ Thus the 
result of [TT] shows that d(A + V)^ 1 / 2 is bounded on L p for every 1 < p < 2. So let p e (^j, n). The 
problem to get from Lemma (|5.5p the boundedness of the Riesz transform d(A + V)^ 1 ^ 2 is that it is 
not true that d(A + V)^ 1 ^ 2 = (A + V)~ 1 / 2 d anymore. To circumvent this difficutly, we use again the 
method of [5]. We will use the following: 

Lemma 5.6 For 1 < r < s < oo, we have the existence of a constant C such that: 

\\e-« S+V %^ La <-J^. 
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We postpone the proof of Lemma (|5.6I) until the end of this section. Let E be the vector bundle of 
basis M x M + , whose fiber in (t,p) is h}T*M. Let G be the operator (the "Green operator") acting 
on sections of E, whose kernel is given by 



G(a,s,x,y) = / 
Jo 



e u — e 4t 



>2 n 

v 



'Ant 



ft (x,y)dt, 



where pi is the kernel of e *( A + V '). We can see that G satisfies: 



d 2 - \ 

and that G(o~,s,x,y) is finite if x 7^ y and a ^ s (here we use the estimate |p^(x,y)| < given 
by Theorem (|3.2p and Corollary (??)). We want to write, as in the proof of Theorem (|5.2j) . for 

lie Cg°(M): 



du = de-^* +v u -GU-j^ + (A + V)\ de-^* +v uj . (5) 

Now, we justify formula ([5]) and in passing we show some estimates that will be used later. We 
compute: 

(-Jpr + (A + V)) de- tVKTV u = -d{A + V)e~ t ^+ V u + (A + V)de- t ^ KW u 

i){dV). 



(e -tVA+V u} 



We have: 



e -tV5Wu L ,_ >£oo <_^_ iV t>0, 



t n / 2 P 

and 



|| e -tyA+F|| ip ^ Lp < 1; vt > 0. 

(this comes from the domination e _t ( A+v ) < e _tA ). 

Thus if we denote / := + (A + F)) rf e -*V A +^ Mj W e have: 

Lemma 5.7 

H/(f,.)lli + ll/(^-)llp< {1 + t)n/P \Hp- 

Now we show: 

Lemma 5.8 ||G(/)(t, .)||2 is bounded uniformly with respect to t > 0, and 

lim||G(/)(t,.)||2 = G. 

Proof of Lemma 15.8\) : 

Denote # s (t,o-) := ^ ^= — — , and H t (x,y) the kernel of e - *- 6 . 

G(f)(t,x) = J G(o-,t,x,y)f(a,y)dady 

= Im Io° Jo°° K »i^ a ) H *( x > y)f( a > V) dsdady 

= Jo°° io°° K s(t,o-) (f M H s( x >y)f( a >y) d y) dsda 

= / °° / °° K s {t 1 a)e-^{x)dsda 
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Consequently, 



But we have 



/>00 f-OO 

||G(/)(t,.)||a< / / K s (t,a)\\e- sVI f(a,.)\\ 2 dsda. 
Jo Jo 



^f(a,.)\\ 2 < min ( p l T ||/( ( T,.)||i,||/(a,.)||2) 



Therefore, 



\\G(f)(t,.)\\ 2 < C\\u\\ 2 ^ ¥ ^(j^—^f^d S + 

(g-t) 2 (g+t) 2 \ 
A 00 6 " „" e r — da) da 

Since n > 3, the three integrals J °° ^ 1+ ^„y 2 , and J^ 00 — ^4- converge, and this yields immediately 

the fact that ||G(/)(£, .)||2 is bounded uniformly with respect to t > 0. Furthermore, we can apply the 
Dominated Convergence Theorem to conclude that lim t _y \\G(f)(t, .)|| 2 = 0. 



□ 



Therefore, letting 



<p{t, .) := e-t^^du - de^^^u + g((~ + (& + V)) de^^^u ) . 
ip(t, .) satisfies: 



and 



-^ + (A + V)) r u. «>) 



L 2 - lim wit, .) = 0. (7) 

t-yO 



This last assertio n use s that L 2 — lim t ^ e * v ' A+v du — L 2 — lim f ^ de tv/A+y u = du. To justify 

we can say that by the Spectral Theorem ((c) in Theorem VIII. 5 in 
VA + Ve~ WA+v u converges in L 2 for u £ C£°(M); since V > 0, the Riesz transform with 
potential d(A + V)^ 1 / 2 is bounded on L 2 , we deduce that de~ ty/A+v u converges in L 2 , and the limit 
is necessarily du. 

Furthermore, tp(t, .) is bounded in L 2 uniformly with respect to t > 0: to show this, it is enough to 
prove that de~ t ^ A+v u is uniformly bounded in L 2 , when it is a smooth, compactly supported fixed 
function. We write 



de -tVA+v u = d (A + yylt* ^K+Ve- t " /KW u 1 
and using the L 2 boundedness of d (A + V) ^ 2 and the analyticity on L 2 of e~ t ^ A+v , we get 

|| de -tVS+F u || 2 < £, V t>0. 

Thus it remains to show that de~ t ^ A+v u is bounded in L 2 when i goes to 0. But this follows from 
the fact that 



L 2 - lim de-t^^u = du, 
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which we have already proved. Consequently, ip(t, .) is uniformly bounded in I? . Using this, together 
with ([5]) and (O, and applying the Spectral Theorem to A + V, we deduce that ip = 0. This proves 
the formula ([5]). 



Letting (g(u))(x) :— / °°(G(/))(i, x)dt, we have by integration of formula (JS|): 

(A + V)- 1/2 du = d{A + V)- 1/2 u - eg. 
By Lemma (|5.7|) and Lemma (|5.6|) . we have as in [8]: 

l|fll|p<C'|H| p . 

Applying Lemma (|5.5|) . we conclude that <i(A + V) -1 / 2 is bounded on L p . 



□ 



Proof of Lemma &5.6}) : 

Let us denote L := A + V. If we can prove that 1 1 e — * £ ' 1 1 oo : oo < C, \\e~ tL \\x > i_ < C and | \e~ tL \ |i )QO < , 
then by standard interpolation arguments we are done. The fact that He - * 1 '!!,^^ < C comes from the 

Gaussian estimate on e , which holds by Theorem (|3.5p . plus the fact that ^ ^ J M e~ c * ay 

is bounded uniformly in x € M and £ > 0. Then by duality ||e _ * L ||i,i < C. Moreover, by Theorem 
(|3.2[) we also have the estimate: 

|e- tL || 2 ,oo<^ i ,Vt>0. 
|^ ti ||i,2<^ I ,Vt>0, 



By duality, we deduce 
and by composition 



| e - ti ||i,o O <||e-* L || 1 , 2 ||e-* i || 2 , oo <|^,Vt>0. 



□ 
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